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ABSTRACT 

C l u s t e r  development may f u r n i s h  a powerful  device  f o r  t h e  c a l c u l a t i o n  

of t h e  e x p e c t a t i o n  va lues  of t h e  obse rvab le s  of a =any-fermion system wi th  

r e s p e c t  t o  dynamical ly  c o r r e l a t e d  s t a t e  v e c t o r s .  The gene , ra l ized  

normal iza tkon  i n t e g r a l ,  a gene ra t ing  f u n c t i o n  fo r  t he  r e q u i r e d  expec ta-  

t i o n  va lues ,  i s  def ined ,  and four o f  t h e  many p o s s i b l e  decomposi t ions 

of t h i s  f u n c t i o n  i n t o  c l u s t e r  i n t e g r a l s  a r e  explored .  Two of t h e s e  decom- 

p o s i t i o n s  a re  s l i g h t  ex tens ions  of t h e  convent iona l  ones of Iwamoto and 

Yarnada and Av i l e s ,  Hartogh, and Tolhoek. The o the r  two a r e  product  

decomposi t ions,  l ead ing  t o  new, " f a c t o r - c l u s t e r "  formalismso A f a c t o r -  

c l u s t e r  expansion i s  a p p l i e d  t o  the e v a l u a t i o n  of t h e  % - p a r t i c l e  

s p a t i a l  d i s t r i b u t i o n  func t ion .  
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1. In t roduc t ion  

I n  t h i s  paper w e  s h a l l  explore  t h e  formal a s p e c t s  of c l u s t e r  

expansions as a t o o l  f o r  t he  sys temat ic  e v a l u a t i o n  of e x p e c t a t i o n  

v a l u e s  of t h e  observables  o f  a system of i d e n t i c a l  fermions wi th  

r e s p e c t  t o  dynamical ly  c o r r e l a t e d  s t a t e  v e c t o r s .  The techniques  t o  

be developed may be u s e f u l  i n  t h e  c a l c u l a t i o n  of  p r o p e r t i e s  of t h e  

bound s t a t e s  of such f i n i t e  systems a s  n u c l e i  and t h e  e l e c t r o n i c  sub- 

systems of  atoms and molecules i n  t h e  f ixed  n u c l e i  approximation, 

and of such i n f i n i t e  systems a s  quantum f l u i d s  ( i n c l u d i n g  l i q u i d  He 

and nuc lea r  matter) and quantum s o l i d s  ( s o l i d  H e  ). 
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I n  t r e a t i n g  a many-fermion system one u s u a l l y  s t a r t s  wi th  some 

i n t e l l i g e n t l y  chosen independen t -pa r t i c l e  model and then  c o r r e c t s  

t h i s  model f o r  i t s  most d i s c o n c e r t i n g  inadequac ies .  There w i l l  i n  

g e n e r a l  be impor tan t  c o r r e l a t i o n  e f f e c t s ,  whose d e s c r i p t i o n  i s  by 

d e f i n i t i o n  o u t s i d e  the  scope of  t he  i n p u t  i n d e p e n d e n t - p a r t i c l e  

model. We s h a l l  devote  t h e  major p o r t i o n  of t h i s  i n t r o d u c t i o n  t o  a 

d i s c u s s i o n  of how c o r r e l a t i o n  e f f e c t s  may be b u i l t  i n t o  t h e  assumed 

form f o r  t h e  many p a r t i c l e  wave func t ion .  

The c o r r e l a t i o n  s t r u c t u r e  of t h e  exac t  s t a t i o n a r y  s t a t e  wave 

f u n c t i o n  has  been i n v e s t i g a t e d  by many authors,  

d i s c o v e r i e s  may be conven ien t ly  reviewed i n  terms of t h e  h i g h l y  

formal  expres s ion  

Their  

1 
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f o r  t h e  exac t  wave func t ion ,  Here Q+ and Q A  a r e  t h e  usual 

fermion c r e a t i o n  and a n n i h i l a t i o n  o p e r a t o r s  a s s o c i a t e d  wi th  a 

complete s e t  of s i n g l e - p a r t i c l e  s ta tes .  

ope ra to r  v(,ki) i s  a l i n e a r  combination 

R 

The o n e - p a r t i c l e  f i e l d  

, 

of the  a n n i h i l a t i o n  o p e r a t o r s  t he  c o e f f i c i e n t s  

being t h e  conf igu r  a t  i.on-space r e p r e s e n t a t i v e s  of t h e  s i n g l e  - p a r t  ic l e  

s t a t e s  x The argument x, s t a n d s  f o r  a l l  t h e  c o o r d i n a t e s  - 

space ( Y. ), s p i n  ( sz, 1 - 
r* (  a "1 

of  the  1 t h  p a r t i c l e .  10) i s  t h e  z e r o - p a r t i c l e  s t a t e ,  t h e  vac.u.um. 

Qy 

I 

), and, when a p p r o p r i a t e ,  i s o s p i n  (.& 

+ * * e  Q+ lo> 
qs The s p e c i f i c  k e t  II,) 2 QqH 

k e t  of the  occupat ion number r e p r e s e n t a t i o n  

r e p r e s e n t s  the ( i n p u t )  i ndependen t -pa r t i c l e  

exac t  N-fermion s t a t e  of i n t e r e s t .  We use 

, a (N-part.ic1.e) b a s i s  

genera ted  by t h e  Qt ' S  
)c 

appr oxima t 1.011 t G the  

3 t o  denote  t h e  

c o L l t . ~ t i o n  of l a b e l s  y y)1%,.. ,3)qd , and, t o  be d e f i r l t e ,  t ake  
1 )  

The b a s i s  {\$7">] of s i n g l e - p a r t i c l e  

k e t s ,  o r  o r b i t a l s ,  may, f o r  example, be chosen acco rd ing  t.9 t h e  

Martree-Fock scheme, t h e  ) t X  h,/ determinant  of a p a r t i c u l a r  se t  

o f  such o r b i t a l s  y i e l d i n g  a " s e l f - c o n s i s t e n t  s o l u t i o n "  t o  t h e  

N-body problem. 'The k e t  lgw> corresponding  t o  t h e  wave func t ion  

q3('1***x~) as  given i n  (1) i s  supposed t o  have u n i t  ove r l ap  wi th  

163, SFy , the c o r r e l a t i o n  ope ra to r  , se rves  t o  conve r t  
rv 



r 

a 

of t h e  e x c i t a t i o n  o p e r a t o r s  f i n  t e r m s  of  t h e  i r r e d u c i b l e  c l u s t e r  

o p e r a t o r s  , and invoking t h e  ( e s s e n t i a l l y  obvious)  f a c t s  t h a t  

any t w o p  . . . I  s 6 commute and t h e  product  of two . . . I  s wi th  ove r l app ing  

i n d i c e s  i s  zero ,  Trn may r e a d i l y  be  c a s t  i n t o  t h e  product  form 
Y 

A s  opposed t o  t h e  aforementioned expansions f o r  $m 

i n s e r t e d  d i s p l a y s  a very  c l e a n  s e p a r a t i o n  of one-body, two-body, . - . 
h-body,  I .  c o r r e l a t i o n  . e f f e c t s .  A s i n g l e  c o r r e l a t i o n  f a c t o r  

(1) wi th  ( 9 )  
IA. 
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c l u s t e r i n g  p o s s i b i l i t i e s  fo r  p a r t i c l e s  i n  \ o r b i t a l s  s&l@&ted frm! 

t h e  se t  O . D  pq, t h e r e  be ing  2 - b f a c t c r s  i n  a l l ,  Now, 

i f  we want an approximation fo r  q- 
F( 

n a b  
which inc ludes  a l l  c c r r e l a t i o n  

e f f e c t s  

p u t  a l l  

I t  

- - -  
ry 

i nvo lv ing  groups o f ,  say,  o r  l e s s  p a r t i c l e s ,  we sim;Fl.y 

i s  i n t e r e s t i n g  t o  n o t e  t h a t  a c l u s t e r  dezonpos i t f en  l a w  pkays  

an important  r o l e  even a t  t h i s  most e lementa l  s t a g e  i n  t h e  deve loprent  

of a many-body t h e o r y .  

These formal manipula t ions ,  however, b r i n g  u s  no c l o s e r  t o  d 

s o l u t i o n  of  the many-body problem s i n c e  t h e  c Is t h e  bas:' 

i n g r e d i e n t s  of the  ))* ' s  (or ' s )  and t h e r e f o r e  the  baszc- ingredLents  

of t h e  6 
p e r t u r b a t i v e  or  v a r i a t i o n a l  c a l c u l a t i o n .  Obviobsly d i r e c t  d e t e r  - 

minaLion of t h e  8 ' s  would be h igh ly  d e s i r a b l e ,  

' s  , s t i l l  remain t o  be determined, for  exan-iple t y  a 

2 , 3 9 4  

Another form of c o r r e l a t e d  wave func t ion  t h a t  w e  shall c < ) n s i d e r  

l 2 , 1 3  i s  a g e n e r a l i z a t i o n  of t h e  Jas t row wave f u n c t i o n :  

where 

We adopt  he re  and hence fo r th  the  n o t a t i o n  < ~ c ~ ~ * * - ~ ( + ) / ~ ( t j  -. >, 
, for  a p a r t i c u l a r  combination of k i n d i c e s ,  thesc k3 p 



s e l e c t e d  from t h e  s e t  of i n d i c e s  c4(,,**- a(,,)3 The s p e c i a l  c a s e  

c a ( r  jcR) I I*-* N )  w i l l  be abbrevia ted  t o  < j jch)). In (11) 

t h e  c o r r e l a t i o n  func t ion  f2 ( x ~ ~ ; h j g q ,  * *  * Xjkk)] - which one might hope t o  

determine v a r i a t i o n a l l y  - desc r ibes  c o r r e l a t i o n s  of ?I. 
“Qgt-l 

p a r t i c l e s  

which, i n  t h e  independen t -pa r t i c l e  approximation, occupy s i n g l e -  

p a r t i c l e  s t a t e s  ‘yvz . (Observe t h a t  i n  t h e  p r i m i t i v e  

func t ion ,  i - e . ,  t h e  bracke ted  expres s ion  i n  ( lo ) ,  a 1-1 correspondence 
9 w ~ -  ? j W ,  

e x i s t s  between t h e  o r b i t a l  and par t . i c1e  l a b e l s ;  app l i . ca t ion  of  t h e  

a n t i s p m e t r i z e r  e r a d i c a t e s  t h i s  correspondence and r e s t o r e s  t h e  

i n d i s t i n g u i s h a b i l i t y  of  t h e  p a r t i c l e s .  ) I f  w e  choose a l l  u! /r~deh~!kg  

of the  % - p a r t i c l e  c o r r e l a t i o n  f u n c t i o n s  t o  be t h e  same symmetric 

f u n c t i o n  of t h e i r  coord ina te  arguments, (10) - (11)  s i m p l i f i e s  t o  

where 

and 



E 

d e f i n i t i o n  of t he  well-known Jastrow wave func t ion ,  

The product form (10) bea r s  a s u p e r f i c i a l  resemblance t o  t h e  

exac t  s t a t i o n s r y  s t a t e  wave func t ion  w r i t t e n  i n  term5 of  t h e  p P G d U C t  

s i n c e ,  un l ike  r4 ( I t  a'2 )>  which p r o d e ~ e s  ooly t h e  . 
f: - J ( i )  *-e den)) -pr - b p  1 

e f f e c t s  of a l l  s p e c i f i c a l l y  -body c o r r e l a t i o n s ,  !H 

i nco rpora t e s  not  on ly  i r r e d u c i b l e  w-body  c o r r e ; a t i o r  e f f e c t s  brit 
I$';' 1 (h )> do). * 'i"j I y) 

a l s o  c o r r e l a t i o n  e f f e c t s  i nvo lv ing  a l l  l a r g e r  groups of p a r t i c l e s ,  

t h e s e  be ing  inco rpora t ed  i n  terms of p roduc t s  of \-body c o r r e l a t i o n  

func t ions .  Thus,  as  i n  those  c a s e s  of t he  expatisivn a r i s m g  when 

( 3 )  i s  i n s e r t e d  i n t o  (1) and the  expansion (5) of Sln.inoglu3 t h e r e  v 

i s ,  i n  (10) o r  (1'21, no c l e a n  s e p a r a t i o n  of c x r e l a t i s n  e f f e c t s ,  b:,t 

t he  mixing, i n  t hese  l a t t e r  forms fo r  t h e  wave f u w t i o n ,  i s  net 

i n t r i n s i c a l l y  of such a n a t u r e  a s  t o  v i t i a t e  t h e i r  use  ir practLca1 

c a l c u l a t i o n s  and may even be b e n e f i c i a l .  

Sirice we a r e  t h i n k i n g  i n  terms of  s t a t i o n a r y  s t i t e c )  we mav 

regard  Yrn 
our problem ( o r 9  wi th  undetermined c Is, a s  a t r i a l  wive f i inct lon)  

of (1)-(3) OK ( 5 ) - ( 7 )  a s  t h e  e x a c t  wave fur- tio on fo r  
k 

N 

and qm of ( l O ) - ( l l ) >  (12) - (14)  a s  t r i a l  wave f u n c t i o p s .  
m 

We remind t h e  r eade r  t h a t  any of t h e  above wave fun.ct?ons may 

a l t e r n a t i v e l y  be viewed a s  t h e  element 9 of a b a s i s  o_f. 

c o r r e l a t e d  func t ions  w'lich, depending on how t h e  p S  

f z ' s  CY Ce.ls a r e  chosen,  may provide  a h i g h l y  advantageous 

s t a r t i n g  po in t  f o r  exac t  d e s c r i p t i o n  of t h e  d - f e r m i o n  s y c t e n .  a 
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f a r  more a p p r o p r i a t e  s t a r t i n g  po in t  t hen  t h e  i n p u t  independent-  

13,14,15 
p a r t i c l e  basis .  

Now l e t  us  t u r n  t o  t h e  t a s k  a t  hand. Working hence fo r th  e n t i r e l y  

i n  t h e  c o n f i g u r a t i o n  space r e p r e s e n t a t i o n ,  our a t t e n t i o n  i s  c e n t e r e d  

on i n t e g r a l s  l i k e  

and 

where S t I e r *  U )  i s  a permutation-symmetric Hermit ian ope ra to r  and 
FI 1 ITb=, d K  i m p l i e s  i n t e g r a t i o n s  over  a l l  cont inuous  c o o r d i n a t e s  

and summations over a l l  d i s c r e t e  ones.  (When w r i t t e n  as an  argument 

of a n  o p e r a t o r ,  i s t a n d s  for  , - i& W. , and t h e  s p i n  andl 
m .aAL 

( i f  a p p r o p r i a t e )  i s o s p i n  ope ra to r s  ofl , .) The methods t o  be 
N N 

developed f o r  t h e  e v a l u a t i o n  of  the r a t i o  ( 1 5 ) / ( 1 6 ) ,  t h e  e x p e c t a t i o n  

v a l u e  

a r e  s u f f i c i e n t l y  g e n e r a l  t h a t  nay be any of t h e  forms we have 

cons ide red ,  i n  f a c t ,  any N - p a r t i c l e  wave func t ion .  We have dropped 



1.0 

t h e  l a b e l ,  s i n c e  w e  s h a l l  d e a l  from now cn wi th  a p a r t l c d l a ~  

s t a t e .  (This a l lows  a welcome s i m p l i f i c a t i o n  of t h e  notz t ior -  as 

hr 

r e g a r d s  s i n g l e - p a r t i c l e  s t a t e  l a b e l s  we s h a l l  be a b l e  t o  tsPnte. .. 
Q :I; except 
Y I n  the  absence of dynamical c o r r e l a t i o n s  ( a l l  

p o s s i b l y  the o n e - p a r t i c l e  ones set  ze ro ,  g iv ing  an  independent -  

p a r t i c l e  approximation) t h e  e v a l u a t i o n  of ( 1 7 )  i s  u s u a l l y  t r i v i a l ,  

Fo r  example, i f  w e  t ake  5 t o  be t h e  o r d i n a r y  Hamiltonian, a 

symmetric sum of one-body o p e r a t o r s  p l u s  a symmetric sum of t w o -  

body o p e r a t o r s ,  t h e  r e q u i r e d  e x p e c t a t i o n  va lue  r educes  q u i c k l y  t o  

a sum of  one-body i n t e g r a l s  p l u s  a sum of two-body i n t e g r a l s .  But 

i n  g e n e r a l  it i s  a p r a c t i c a l  i m p o s s i b i l i t y  t o  conclude t h e  o p e r a t i o n s  

i n d i c a t e d  i n  ( 1 7 ) .  Thus one i s  prompted t o  expres s  ( 1 7 )  a s  a sum of  

one-body terms, p l u s  a sum of two-body terms, p l u s  a sum. o f  

)\1 -body te rms ,  i n  such way t h a t  t r u n c a t i o n  of t h e  s e r i e s  a f t e r  d 

manageable number of terms i n v o l v i n g  only  c a l c u l a b l e  (few-hcdy) 

i n t e g r a l s ,  f u r n i s h e s  (hope fu l ly )  a u s e f u l  approximat ion ,  Expans ims  

of t h i s  type:, c a l l e d  c l u s t e r  expans ions ,  f i r s t  saw applizztlun in 

t h e  c l a s s i c a l  s t a t i s t i c a l  mechanics of imper fec t  g a s e s ,  where they 

have long been employed t o  approximate t h e  p a r t i t i o n  fJnction. 

Two c l u s t e r  expansions,  t h e  one a s s o c i a t e d  wi th  Iwamotc; and Y a i ~ d ~  

( I Y )  and t h e  o the r  (AHT), 

16 

1 7  

19 wi th  Avi les l '  and Hartogh and Tolhoek 

have f r e q u e n t l y  been used i n  quantum mechanical many-body c . a l cu la t i c r i s  

I n  S e c t i o n  2 t.he ge- ie ra l ized  no rma l i za t ion  i n t e g r a l  - a q u a n t i t y  

from which the r e q u i r e d  e x p e c t a t i o n  v a l u e s  may be e x t r a c t e d  - I S  
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def ined ,  and decomposed i n t o  c l u s t e r  i n t e g r a l s  accordir ,g  t o  schemes 

c l o s e l y  a l l i e d  wi th  those  of  IY and AHT. 

( ' I  f a c t  o r  - c l u  s t e r  ' I )  de c ompos i t i  ons 

Van Kampen*' c l a s s i c a l  c l u s t e r  development a s  t h a t  borne by the  1Y 

and AHT decompositions t o  the  c l a s s i c a l  Ursell development, a r e  

s t u d i e d  i n  d e t a i l .  To conclude Sec t ion  2, g e n e r a l  formulae f o r  t h e  

e x p e c t a t i o n  va lue  of an  ope ra to r  i n  terms of t h e  two new sets  of  

c l u s t e r  i n t e g r a l s  a r e  de r ived .  An a p p l i c a t i o n  of t h e s e  formulae t o  

t h e  e v a l u a t i o n  of t h e  % - p a r t i c l e  s p a t i a l  d i s t r i b u t i o n  f u n c t i o n  i s  

p resen ted  i n  S e c t i o n  3 .  The f i n a l  s e c t i o n  i s  devoted t o  a g e n e r a l  

comparison of  t h e  four  formalisms h e r e  s t u d i e d ,  i n  t h e  con tex t  of 

t h e i r  p r a c t i c a l  a p p l i c a t i o n  f o r  t he  systems of i n t e r e s t ,  

Then two r a d i c a l l y  d r f f e r e n t  

bear  i ng  t h e  same r e  l a  t ion  t o  t h e  

16 

I n  t h e  second paper of t h i s  series w e  s h i f t  t h e  emphasis from 

an  i n v e s t i g a t i o n  of t h e  new f a c t o r - c l u s t e r  formalisms p e r  se t o  an 

e x p l o i t a t i o n  of t h e i r  p r o p e r t i e s  and t h e i r  r e l a t i o n s h i p s  wirh  t h e  

I Y  and AHT formalisms, w i t h  the a i m  of ex tending  t h e  a p p l i c a b i l i t y  

of  t h e s e  l a t t e r  formalisms t o  f i n i t e  N 

2.  The C lus t e r  Expansions 

A symmetric Hermi t ian  opera tor  S c l . . , ~ )  may i n  g e n e r a l  be 

r e s o l v e d  i n t o  a symmetric sum of one-body o p e r a t o r s ,  p l u s  a symmetric 

sum of two-body o p e r a t o r s ,  * . .  p lus  a symmetric sum of N-body 

o p e r a t o r s  : 

i 



w i t h  

- 
none of t he  SpCfi , ) . . .  k(p, )  Fay be f u r t h e r  decorpose:! I n t o  the 

sum of  terms which i n d i v i d u a l l y  depend on a proper  subse t  ef 

. Such a r e s o l u t i o n  w l L l  se s a i d  
1 d [P' 

p a r t i c l e  l a b e l s  J ~ , ) ~ .  . 
t o  be i r r e d u c i b l e .  

F l ) r  example, t h P  Hamil tonian of a system of  i * d e q t i C ? l ,  

n o n - , z l a t i v i s t i c  particles of  mass .p l oca t ed  i n  dr external l  

f i e l d  vr;, ar id i n t e r a c t i n g  v i a  two-body pctentials ' L % t : j ] ~  

may, a s  suggested above, be i r r e d u c i b l y  r e so lved  by t d l t i T g  



P 3 

A s  a second i l l u s t r a t i o n ,  consider the  ope rz to r  

whose e x p e c t a t i o n  va lue  y i e l d s  the  Q - p a r t i c . l e  s p a t i a l  

d i s t r i b u t i o n  f u n c t i o n  

In t h i s  c a s e  t h e  obvious choice  of CF s s  is 

( 2 4 )  

Again t h e  r e s o l u t i o n  we have chosen t s  i r r e d u c f b l e .  

17 Following t h e  l ead  of Iwamoto and Yamada w e  d e f i n e  t h e  

(genera  l i z  ed ) norma li.zat i o n  integra.  1 



. 

from which the  r e q u i r e d  expectatLon va lue  m a y  bt. u h t a w i - ~ t d  by m a n s  

o f  t he  fol lowing d i f f e r e n t i a t i o n :  

:)3r g o a l  i s  t o  c a l c u l a t e  I (4) c r ,  a l t e r n a t i v e l y .  

t h e  t t-chnique o f  c l u s t e r  expansion Altholugh we a r e  p re scn t  i y  

i n t e r e s t e d  only i n  t h e  e x p e c t a t i o n  v.?lue of  the  o p e r a t o r  S(p,..(ypd 
i t  might Le poin ted  o u t  t h a t  a knowledge oE Trnc4) 
Nealth o f  a d d i t i o n a l  i n fo rma t i cn ,  I n  p a r t i c a l a r  , t h e  J ~ K  , ; r . e  of 

Hrn(&j by 2 & 

v i e i d 5  a 
m 

S C , . , , ~ ~ J )  may be computed a s  K ~ C  second derivative of & I c W ( d )  

eva lua ted  a t  o( = 0 
ewl 

F i n a l l y ,  l e t  us  n c t e  t h a t  ttle b ? s i ;  idea 
21 

embodied i n  (25)  and ( 2 6 )  h a s  r e c e n t l y  bton Excenoed by  1 3 ~ ~  ana  

Westhaus t o  t h e  eva lua t ior ,  of non-diagcna 1 m t r  1.y e ler re r rs  i*i the 
13 

r e p r e s e n t a t i o n  de f ined  by a se t  of dynamicr l iy  c o r r e l a t e d  b?s-is 

f u n c t i o n s .  

Our procedures  for c a i c u l a t i n g  rm(tx) begin  w P t h  the  
.-h? 

r e c o g n i t i o n  t t id t  , g i v e n  i%, a n d  g(,..4w) d s e r  cf r e l a t e d  
e@ 

f u n c t i o n s  and o p e i d t o r s  may be de f ined  f u r  ) q - p 3 r t l i l e  subsp2 c b ,  
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n& pd , of t h e  N - p a r t i c l e  H i l b e r t  space,  F i r s t ,  de : i ) S I A i Z f r  h 

subse t  mdl,, - .- Wac.) of  YM, and c o n s t r a e r  B I I  - ~ a r ' t i ;  ;e 

1 1  wave-function",  

i n s e r t e d ,  form (5),  form (101, or form ( 1 2 )  has  becrn -5llsen frr&f&:Ge d e f i n e  

t h e  - - p a r t i c l e  "wave func t ion"  r e s p e c t l v e l y  

N 

I n  p a r t i c u l a r ,  accord ing  F S  f o r r  ' i '  n - t b  ( 3 )  

as 



1.6 

I n  t h e  second and t h i r d  d e f i n i t i o n s  i s  the  ant isymmetr izer  

f o r  t h e  a p p r o p r i a t e  se t  of coord ina te  l a b e l s ,  normalized such 

Q (a) 

Although we have m i t t e n  t h e  that @ & I  1% = Jy?l a h ,  

~ - p , * - .  w j w  a s  func t ions  of t he  coord ina te s  Xg(,,, = a *  AJLa, )  
cl - - L i l r Y  call, v i  course ,  be w r i t t e n  i n  terms of any s e t  of Vg c o o r d i n a t e s  - 

i . e . ,  t h e r e  i s  no necessa ry  correspondence between t h e  p l a c e  i n d i c e s  

, e e o  and the  
1 9W)  of the  s e l e c t e d  o r b i t a l s  

c o o r d i n a t e  !abe ls  ( s ee  E q .  (29 ) ) .  Henceforth,  t he  o r b i t a l  i n d i c e s  

* 1 ynd(,,, 
w i l l  denote ,  a s  a p p r o p r i a t e .  moreover, t h e  same symbol 

any o f  t he  four  forms of t he  yl. - p a r t i c l e  ”wave func t ion” .  Next, 

from the  elements i n t o  which 5 c 1 .  

w i l l ,  f o r  b r e v i t y ,  be w r i t t e n  simply a s ~ ~ , , ~ . 4 j g ~ b )  ; 

.- - p  1 

N] i s  r e so lved  v i a  (18) and 

( l g ) ,  we c o n s t r u c t  t he  r) - p a r t i c l e  ope ra to r  

Then we d e f i n e ,  i n  terms of a p a r t i c u l a r  “La, - p a r t i c l e  wave f u n c t i o n  

and % - p a r t i c l e  o p e r a t o r  a subnormal iza t ion  i n t e g r a l  indexed wi th  



t h e  same o r b i t a l  l a b e l s  a s  des igna te  t h e  cor responding  w - p a r t i c l e  

wave f u n c t i o n :  

Counting 1 (dt ' 1,tq) ;I(.() a s  a p a r t i c u l a r  subnormal iza t ion  i n t e g r a l ,  

w e  see t h e r e  a r e  2"'- 1. such q u a n t i t i e s ,  each indexed by a p a r t i c u l a r  

I * * . ( (  

s u b s e t  of o r b i t a l  l a b e l s ,  jW) 4 a$h)  

Before prnceeding  t o  gene ra l  t echn iques  f o r  t h e  e v a l u a t i o n  of  , r ( d )  

l e t  u s  imagine f o r  a moment t h a t  a l l  c o r r e l a t i o n s  among t h e  p a r t i c l e s  

have ceased  t o  e x i s t  ( e .g .  a l l  6 
excep t  t h e  one-body terms i n  t h e  ope ra to r s f i . . y )we  ze ro .  

c o n d i t i o n s  w e  have 

o p e r a t o r s  v a n i s h )  and t h a t  a l l  

Under t h e s e  
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e 

I n  p a r t i c u l a r ,  i f  t h e  ope ra to r  s t C ' )  = i s  a one-'body 

Hamiltonian c o n t a i n i n g  some ad hoc s i n g l e - p a r t i c l e  p o t e n t i a l  and 

k,,(t) 

a s e t  of e igen func t ions  of ) B o ,  t hen  t h e  

e q u a l i t i e s  i n  (30) hold w i t h  t h e  addends 0(4%) omi t t ed .  

an  i n d e p e n d e n t - p a r t i c l e  model p rov ides  b o t h  a cnnvenfent- imzge crf t h e  

F requen t ly ,  such 

p h y s i c a l  sys t em and a framework i n  which those  obse rvab le s  c o r r e s -  

ponding t o  s i n g l e - p a r t i c l e  o p e r a t o r s  may be a c c u r a t e l y  c a l c u l a t e d ,  

I n  any event 

terms o(4') need never be cons ide red .  

a s  long a s  we a r e  on ly  i n t e r e s t e d  i n  computing ( s > 

We a r e  now prepared  t o  s e t  f o r t h  t h e  e s s e n t i a l  s t r u c t u r e  and 

s t a t e  t h e  under ly ing  phi losophy of a wide c l a s s  of c l u s t e r  formalisms 

a p p l i c a b l e  t o  t h e  e v a l u a t i o n  of E ( 4 )  Each of t h e  above - 
subnormal iza t ion  i n t e g r a l s  ij,,,.,dC,,, o r ,  more g e n e r a l l y ,  some l i n e a r  

combination of those  w i t h  t h e  g iven  number Y l  of i n d i c e s ,  i s  t .0 be 
N 

b u i l t  up f rom t h e  and a ( f i n i t e )  number of c l u s t e r  i n t e g r a l s  

i n v o l v i n g  anywhere from one- t o  n - f o l d  i . n t e g r a t i o n s .  A l t e r n a t i v e l y ,  

we say  t h a t  t h e  subnorma l i za t ion  i n t e g r a l ,  o r  t h e  cor responding  

l i n e a r  combination of subnorma l i za t ion  i n t e g r a l s ,  i s  decomposed i n t c  
cy /v 

s and t h e  c lus t e r  i n t e g r a l s .  With t h e  1 
t h e  ill;)' p1 
a l r e a d y  de f ined  by (30) and (29 )  r e s p e c t i v e l y ,  such a deccmposl t ion  

e q u a t i o n  provides  t h e  d e f i n i t i o n  of t h e  l a s t  appea r ing ,  V l  -body, 

c l u s t e r  i n t e g r a l .  Proceeding  t o  v\= N , a n  expans ion  fo r  J c 4 )  .in 

terms of t he  c l u s t e r  i n t e g r a l s  i s  ach ieved .  We s h a l l  see t h a t  fo r  

some decompositions (among t h e s e  t h e  most f a m i l i a r )  i t  i s  necessa ry  t o  

r e a r r a n g e  t h i s  p r i m i t i v e - c l u s t e r  expans ion  f o r  S&C) i n  o r d e r  t o  
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o b t a i n  a u s e f u l  approximation scheme fGY l a r g e  N a A l l  of t h e  23rslmitive 

c l u s t e r  expansions to be cons idered  w i l l  c o n t a i n  a f in ; t e  numTIces C f  

addends f o r  f i n i t e  N . 
D i f f e r e n t  modes of decomposition of t h e  besrc s v S 4 ~ r n & ~ . i z a t i ~ n  

i n t e g r a l s ,  or a p p r o p r i a t e  l i n e a r  combinations of them, lead t o  

d i f f e r e n t  d e f i n i t i o n s  of t h e  c l u s t e r  i n t e g r a l s .  3c;t an impcr t a n t  

f e a t u r e  of g e n e r a l  c l u s t e r  t heo ry  a s  h e r e i n  c i r imnssr ibed will 

pervade a l l  t h e  fo l lowing  c o n s i d e r a t i o n s  fo r  f i n i t e  N : ED mat te r  

what mode of decomposition i s  chosen, t h e  e x p l i c i t  e l i m i n a t i o n  a f  

a l l  t h e  c l u s t e r  i n t e g r a l s  from the  decomposition e q u a r i o n  f;:, s a y .  

must lead  t o  a n  i d e n t i t y .  I n  p a r t i c u l a r ,  i t  i s  t h e  IjC,, - * *  d L v \ )  

d e f i n i t i o n  o f  t h e  l a s t  c l u s t e r  i n t e g r a l  which ensu res  t h a t  t h e  

( p r i m i t i v e )  c l u s t e r  expansion fo r  IL.a.1 , if comple te iy  surmed, w i l l  

r e g e n e r a t e  t h i s  no rma l i za t ion  i n t e g r a l ,  This  featrare i s  t r i v i a l l y  

obvious ,  b u t ,  a s  we s h a l l  s ee ,  formal ly  u s e f u l ,  

La te r  d i s c u s s i o n s  w i l l  b e  f a c i l i t a t e d  i f  we adopt a d e f i n i t e  

convent ion  f o r  what we s h a l l  mean by a term contributins co  a c l a s t e r  

expans ion  of some q u a n t i t y .  Any i n d i v i d u a l  c o n t r i b i t i c n  t o  a g:ven 

c l u s t e r  expansion w i l l  always be a product of the  cor respcndi rLg 

c l u s t e r  i n t e g r a l s  (perhaps with only one s u c h  f a c t o r )  ~ s w p p l e m e ~ t e d  

by some numer ica l  f a c t o r .  These c l u s t e r  i n t e g r a l s  may cr aay IIO~ De 

indexed w i t h  s i n g l e - p a r t i c l e  l a b e l s ,  In t h e  former L ~ S E , .  t t e  t e r m  

c o r r e s p o n d i q  t o  che c o n t r i b u t i o n  i n  q u e s t i o n  wi l l  consist of  t h i s  

c o n t r i b u t i o n ,  summed over all combinations of t h e  allowed s i n g l e -  

p a r t i c l e  labels,  t h e  o r i g i n a l  l a b e l s  having  been r e p l a t e d  b y  dzrrmes. 
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I n  t h e  l a t t e r  ca se ,  t h e  t e r m  cor responding  t o  t h e  c o n t r i b u t i o n  is 

t h a t  c o n t r i b u t i o n  m u l t i p l i e d  by t h e  number of t imes  i t  occurs  i n  t h e  

expansion. I n  both  c a s e s ,  i f  t h e  c o n t r i b u t i o n  e n t e r s  w i t h  a minus 

s i g n ,  t h a t  a l s o  i s  t o  be a t t a c h e d .  The g iven  c l u s t e r  expansion i s ,  

of cour se ,  t h e  sum of  a l l  such unique terms. The meaning o f  t h i s  

convent ion  will become c l e a r e r  a s  we develop conc re t e  examples of 

c l u s t e r  expansions.  

I n  t h e  above we have no t  s p e c i f i e d  any e s s e n t i a l  p r o p e r t i e s  t h a t  

t h e  c l u s t e r  i n t e g r a l s  m u s t  possess ,  bu t  have merely regarded  them as 

the  elements of t h e  p o s t u l a t e d  decomposition - which of course  

de te rmines  t h e i r  p r o p e r t i e s  comple te ly .  I t  i s  n o t  our immediate 

!.oncein whether or no t  a given M - b o d y  c l u s t e r  i n t e g r a l  ( i n v o l v i n g  

i n t e g r a t i o n s  over M s e t s  g b  ) s o  determined i s  i r r e d u c i b l e  i n  

t h e  sense  t h a t  t h i s  i n t e g r a l  can be i n  t u r n  decomposed i n t o  a sum Q f  

p roduc t s  o f  independent i n t e g r a l s  over fewer than  'M s e t s  csf 

c o o r d i n a t e s o  O f  cou r se ,  a c a r e f u l  s tudy  of  t h e  s t r u c t u r e  of t h e  

c l u s t e r  i n t e g r a l s ,  i n  p a r t i c u l a r  w i t h  r e s p e c t  t o  t h e i r  p o s s i b l e  

r e d u c i b i l i t y ,  i s  v i t a l  i n  ana lyz ing  t h e  behavior  of t h e  terms i n  a 

c l u s t e r  expansion as 14 grows la rge ,  13,14,22,23 

To conclude t h e s e  ve ry  g e n e r a l  remarks :  Although, s t r i z t l y  

speak.ing, every c l u s t e r  expansion i s  a t a u t o l o g y ,  t h e  va lue  of a g iven  

c l u s t e r  formalism, when employed i n  i t s  main r o l e  of g e n e r a t i n g  

approximations f o r  < s >  
We s h a l l  always have i n  mind systems fo r  which i r r e d u c i b l e  c o r r e l a t i o n s  

, depends on t h e  wisdom of our  decomposi t ion .  

i nvo lv ing  many p a r t i c l e s  a r e  l e s s  impor tan t  t h a n  t h o s e  i n v o l v i n g  few. 
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Thus we always seek  a c l u s t e r  expansion fo r  &s> w h ~ c h ,  p e r h a p s  a f t e r  

s u i t a b l e  rearrapgement,  will r e f l e c t  t h i s  s i t u a t i o n  i n  r a p i d  convergence, 

a l lowing  us  t o  approximate ( S ) s a t i s f a c t o r i I y  i n  t e r m  of t h e  f i r s t  few 

c l u s t e r  i n t e g r a l s ,  t h e r e f o r e  i n  terms of t h e  f i r s t  f eg  s ~ ~ n o r m a l i z a t i o n  

i n t e g r a l s ,  N a t u r a l l y ,  t h e  use fu lness  of a g iven  c l r i s t e r  e x p a m i o n  of 

t h e  e x p e c t a t i o n  v a l u e  of t h e  observable  s hhr i l l  Jepend c r u c i a l l y  OF t h e  

c o r r e l a t e d  wave f u n c t i o n  chosen; i n  t h e  f i n a l  a n a l y s i s  t h e  r r e r i t  of 

t h e  approximation schemes suggested b y  t h i s  paper ~ u s t  be t e s t e d  b y  

d e t a i l e d  numer ica l  c a l c u l a t i o n s .  

We s h a l l  now s tudy  ir! d e t a i l  four modes of d 2 f i n i n g  cl.-.xter 

i n t e g r a l s .  The f i r s t  i s  a s t r a i g h t f o r w a r d  ex tens ion  cf t h e  p r o c e d u r e  

adopted by Iwarnoto and Yamada. l a  

by t h e  p roduc t  r p ( o 6 )  
i : ~  4 L i h  

I n i t i e l l y  we approx ica re  1re0 
and then  "bui ld  up" the subncrmalizatim 

$11 * * - J C*) n m  

i n t e g r a l  by r e p l a c i n g  each combination of ze ro ,  one, two, . . "  f a c t o r s  
w w  

' i n  I ( d l  w i t h  t h e  sum o f  a l l  p o s s i b l e  prodiicts of o n e - k d y ,  two- 

body, . . h - b o d y  c l u s t e r  i n t e g r a l s  i nvo lv ing ,  w i th  no repetitions, Ehe 
;=I $(;) 

same s e t  of i n d i c e s  as  t h e  r ep laced  f a c t o r s .  Beginning w i t h  t h e  one- 

indexed q u a n t i t i e s ,  a h i e r a r c h y  of equa t ions  i s  gene ra t ed :  

4 (31) 



I n t r o d u c i n g  the  cormalized c l u s t e r  i r i t e g r a l s  

w e  can  rewrite t h e s e  decomposi t ion equa t ions  a s  
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To t h e  r i g h t  of 1 i n  each 8 t h e r e  s t a n d s  the  sua u f  311 
*** jc.1 

normalized c l u s t e r  i n t e g r a l s  w i t h  i n d i c e s  ccmpr is ing  a s i k s e t  zf 

{ I C , ) * . *  --Jch1f 
products  of t h e s e  normalized c l u s t e r  i n t e g r a l s .  A ccmpletely uniinked 

, p l u s  t he  sum of  a l l  p o s s i b l e  Serripietely i l n l ~ n k e d  

product  i s  one i n  which no p a i r  of f a c t o r s  has  an index i n  common, 

More g e n e r a l l y ,  an. unl inked product  o f  c l u s t e r  i n t e g r a l s  i s  one i n  

which a t  l e a s t  one f a c t o r  has no index  i n  corrmon wf th  an); o t h e r  f a c t o r .  

O n  t h e  o the r  hand i f  each f a c t o r  has  a t  l e a s t  m e  index  i n  camacn 

wi th  one or more o the r  f a c t o r s ,  the product w i l l  be c z l l e d  l i nked ,  

Now, a l though t e rmina t ion  of t h e  s e r i e s  (35) fo r  B a t  03f- l a c e -  

index,  two-index, --index, terms may lead  tc a c c e p t a b l e  

approximat icns  for  8 when N i s  small ,  t h e  r n - - u ~ ~ - L f o r ~ ~  

asymptot ic  N dependence of success ive  t r u n c a t i m s  Lndic..atec t h a t ,  

I Z**'N 

mus t  'be found for d when N i s  l a r g e ,  some o the r  form fo r  014.0e 

approximat ing  I(4) This  non-uniform N dependence r e s u l t s  from 

t h e  presence  of t h e  comple te ly  unl inked products .  13,199 22 Dropping  

terms which a r e  of no consequence i n  t h e  many-body 9 m i t  ( . foe. .  t he  

l i m i t  i n  which N a W whi le  f3 t h e  nunabel- d e n s i t y ,  i s  he ld  

c o n s t a n t ) ,  Iwamoto and Yamada17 and Wu and Feenberg 
24 h a w  de r ived  an 

e x p r e s s i o n  f o r  8 i n  which a l l  p roducts  of Os which appear 

a re  l i n k e d ,  Thus, upon w r i t i n g  

l & o i ~  

$36 
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t hey  f i n d  i n  t h e  many-body l i m i t  t h a t  

(3; )  

an  expansion which, upon success ive  t r u n c a t i o n s ,  d i s p l a y s  a uniform 

asymptot ic  dependence. I n  t h e  second paper  of t h l s  se r ies ,  w e  

s h a l l  of f e r  ano the r  method of r e a r r a n g i n g  0, ~ 0 1 6  

a n  e x p o n e n t i G l f o r m u l a ,  a method which demonst ra tes ,  and u t i l i z e s  

t o  gene ra t e  such 

t h e  ( q u i t e  g e n e r a l )  l inked  c h a r a c t e r  of  G Our procedure ,  
r Y  

u n l i k e  former ones,  i s  a p p l i c a b l e  t o  f i n i t e  as  w e l l  a s  i n f i n i t e  

sys  terns. 

By t h e  o rde r  of a g iven  t e r m  i n  ( 3 7 )  or i n  any c l u s t e r  expansion 

based on the  IY subnormal iza t ion  i n t e g r a l s  (29)  we s h a l l  mean t h e  

number of d i s t i n c t  s i n g l e - p a r t i c l e  i n d i c e s  involved  i n  any i n d i v i d u a l  

c o n t r i b u t i o n  t o  t h a t  t e r m .  Th i s  i s  a c l a s s i f i c a t i o n  acco rd ing  t o  

6 ,  

"number of bodies"  - t h e r e  w i l l  be one-body terms, two-body terms, 

three-body terms, o r ,  speaking  more loose ly ,  one-body c l u s t e r s ,  

two-body c l u s t e r s ,  three-body c l u s t e r s ,  o .  - and i s  q u i t e  d i f f e r e n t  

from t h e  o rde r ing  p r e s c r i p t i o n  of C la rk  and Westhaus13 based C R  a 

l1sma11ness parameter".  I n  (37 )  t h e  s u c c e s s i v e  addends %; Y 
L 

, " . .  a r e ,  r e s p e c t i v e l y ,  f i r s t -  

o rde r ,  second-order ,  t h i r d - o r d e r ,  * .  s terms i n  t h e  sense  j u s t  d e f i n e d ,  

I n  order  t o  mot iva t e  the  i n t r o d u c t i o n  of a w e l l  known a l t e r n a t i v e  

to t he  c l u s t e r  formalism j u s t  d i s c u s s e d ,  l e t  us  suppose t h a t  a 

c o r r e l a t e d  wave f u n c t i o n  ( 1 2 )  w i t h  s t a t e - i n d e p e n d e n t  c o r r e l a t i o n  
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f a c t o r s  has been s e l e c t e d .  Now cons ider  a u n i t a r y  t r a n s f o r m i t i o r  i n  

t h e  one-body vec to r  space  spanned by t h e  s e t  of  s i n g l e - p a r t i c l e  

func t ions  y, , a ., yN 

where 

9 4  

Since  t h e  replacement  pa -? 

a phase f a c t o r ,  t h e  e x p e c t a t i o n  value < 5 ) 
t z  \ * e * j b t !  , changes by a t  mcst 

i s  i n v a r i a n t  under t h i s  

r J  

rep laszment ,  On the  o the r  hand, a s  one may r e a d i l y  v e r i f y ,  t he  I Y  

expansion f o r  ( 5 )  does n o t  possess  t e r m  by term nor indeed m-der 

by o rde r  i n v a r i a n c e  under t h e  s u b s t i t u t i o n  (38). Of cour se ,  i f  

G M e J  
summed t o  a l l  o r d e r s ,  t h e  expres s ion  7% 1;e g\f m h s t  y i e l d  rc.9) 

i: I 
i d e n t i c a l l y  and thus  lead t o  e x p e c t a t i o n  va lues  wi th  t h e  aSove 

i n v a r i a n c e .  B u t  p r a c t i c a l  a p p l i c a t i o n  of t h i s  c l n s t e r  expansion 

t h e o r y  demands t h a t  be terminated i n  Low o r d e r s ,  whence t h e  

approximate e x p e c t a t i o n  va lues  lack a ve ry  d e s i r a b l e  f e a t c r e  of t h e  

e x a c t  e x p e c t a t i o n  va lue .  13,14 

A c l u s t e r  expansion which i s  i n v a r i a n t  term by t e r n  under such 

a u n i t a r y  t r ans fo rma t ion  of t h e  o r b i t a l s  has  been i n v e s t i g a t e d  5y 

A v i l e s  and by Hartogh and Tolhoek. The q u a n t i t i e s  which a r e  

decomposed i n t o  c l u s t e r  i n t e g r a l s  a r e  c e r t a i n  l ineal-  com5inat-ions 

18 19  
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o r  averages ,  of t h e  subnormal iza t ion  i n t e g r a l s  def ined  i n  ( 2 9 )  : 

These l i n e a r  combinations a r e  themselves i n v a r i a n t  under t h e  

t r ans fo rma t ion  (38) and s o  i n  t u r n  w i l l  be t h e  c l u s t e r  i n t e g r a l s  

which they  d e f i n e .  Having motivated t h e  i n t r o d u c t i o n  of t h e s e  new 

subnormal iza t ion  i n t e g r a l s  w e  may drop  our r e s t r i c t i o n  t o  t h e  wave 

f u n c t i o n  ( 1 2 ) .  Upon so  doing t h e  above s t a t e m e n t s  concern ing  

i n v a r i a n c e  may no longer a p p l y ;  w e  s h a l l  emphasize t h i s  f a c t  by 

p u t t i n g  t h e  word i n v a r i a n t  w i t h i n  q u o t a t i o n  marks from now on, 

We proceed i n  ana logy  wi th  t h e  fo rego ing  development, a g a i n  

f i r s t  c o n s i d e r i n g  t h e  s i t u a t i o n  i n  which no dynamical c o r r e l a t i o n s  

e x i s t  among t h e  p a r t i c l e s  and i n  which we need only  be concerned 

wi th  t h e  one-body component of S ~ I ~ . .  

correspondence wi th  ( 3 0 ) ,  we have 

Here, i n  complete 
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where 

Return ing  t o  t h e  r e a l i s t i c  s i t u a t i o n ,  we "build up" by r e p l a c i n g  
# 

s u c c e s s i v e  numbers of & &  f a c t o r s  i n  (x )" wi th  a p p r o p r i a t e  sums 

.sf p roduc t s  of c l u s t e r  i n t e g r a l s .  This  p rocess  may be viewed 

a l t e r n a t i v e l y  a s  a decomposition of i n t o  c l u s t e r  i n t e g r a l s .  

From e i t h e r  p o i n t  of view, of course,  w i t h  

c l u s t e r  i n t e g r a l s x  ( <La) 

c l u s t e r  i n t e g r a l  xh 
Beginning t h e  p rocess  w i t h  g t  

having a l r e a d y  been de f ined ,  i t  i s  t h e  
P f  

which i s  de f ined  by t h i s  decomposition of 

, we w f i t e  

( 4 2 )  
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Then, cont inuing  t h e  development i n  analogy w i t h  t h e  de!composktion 

of r , w e  d e f i n e  J(br'--j C v r )  

and r e w r i t e  t he  g e n e r a l  e q u a t i o n  i n  t.he above se t  a s  

(439 

( 4 4 )  

Y -  

Once more hoplng t o  approximate &,,, i n  terms of t h e  few-body 

c l u s t - r  i n t e g r a l s ,  say  x, , x, , 3ej , and xy , w e  d i scover  

t h a t  i n  the  case of l a r g e  N t h e  series (45) must f i r s t  be  r e a r r a n g e 3  

i n  o r d e r  t o  express  8,  
i s  uniform i n  N And a g a i n  t h e  r e q u i r e d  rearrangement  r e s u l t s  i n  

i n  terms of  a se r ies  which, fo r  l a r g e  N 

a n  exponent ia  1 formu l a ,  

w i t h  9 4 ~ ~  given,  a s  t h e  many-body l i m i t  i s  approached, by t h e  

uniform" c l u s t e r  expansion 11 
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A d e r i v a t i o n  of ( 4 6 ) ,  t oge the r  with a g e n e r a l i z a t i o n  of (47)  which 

inc ludes  those  terms h i c h  m u s t  a l s o  be accounted for  when N i s  not  

l a r g e ,  w i l l  be given i n  t h e  second paper of t h i s  s e r i e s ,  where the  

p r o p e r t i e s  of the  " f a c t o r - c l u s t e r "  expansions in t roduced  below a r e  

, c L x  e f u 1 l y  exp l o i  t ed a 

By cht order  of a given term i n  (47 )  or  i n  any c l u s t e r  expansion 

b a s 6 3  on the AHT subnormalizat ion i n t e g r a l s  (39) w e  s h a l l  mean t h e  

L o l l  . I n G :  L n  t he  case  cf t he  a sympto t i ca l ly  l ead ing  terms, simply 

t h e  ;-wer of t h a t  appears  e x p l i c i t l y ;  i n  t h e  c a s e  of terms 

r ! m 1  

c o o r d i n a t e s  which m u s t  be introduced t o  c a r r y  out  t h e  i n t e g r a t i o n s  

involved .  T h i s  d e f i n i t i o n  i s  not a s  a r b i t r a r y  a s  i t  appears ,  s i n c e  

i t  .-I1 L be seen t o  main ta in  a c l o s e  correspondence wi th  t h e  "number- 

of -bodies"  o rde r ing  p r e s c r i p t i o n  se t  up f o r  expansions based on t h e  

IY subnormal iza t ion  i n t e g r a l s .  I n  ( 4 7 )  t h e  success ive  addends 

L ~ ; ~ ~ ~  tl C s r  by Q(~,,J) , t h e  minimum number of s e t s  of p a r t i c l e  

~ 2 ,  , L.N~G , -iv'x: , a r e ,  r e s p e c t i v e l y ,  f i r s t -  
% 

o r d e r ,  second-order ,  t h i r d - o r d e r ,  o . o  terms i n  the  sense  j u s t  

de f ined ,  while  t he  a sympto t i ca l ly  n e g l i g i b l e  term !.. ~ x ~ a  , t o  be 

fnco rpora t ed  l a t e r ,  i s  of second o r d e r ,  
k 

The n e c e s s i t y  of r ea r r ang ing  the  s e r i e s  f o r  B and BN I**N 
has  prompted tis t o  seek new ?rid "more n a t u r a l ' '  modes of  decomposition 

t o  r e p l a c e  those  of 'LY and AHT, modes which r e q u i r e  no rearrangement 

t o  make serise f o r  l a r g e  N The two a l t e r n a t i v e  approac?;,  . 



presen ted  he re  a re  c l o s e l y  r e l a t e d  t o  a c l u s t e r  expansion proposed 

by Van Kampen 
20 

i n  t h e  imperfec t  gas  problem. They have t h e  v i r t u e  

of immediate a p p l i c a b i l i t y  t o  f i n i t . e  a s  w e l l  as  i n f i n i t e  nany-body 

problems. The f i r s t ,  a 'hen-invariant" formalism, i s  based on t h e  

" i n v a r i a n t "  formalism, on t h e  " i n v a r i a n t "  subnormal fza t lon  i n t e g r a l s  

o f  A H T .  
/- 

D 

Instear '  af c o n s t r u c t i n g  t h e  lit,,..,p,by r e p l a c i n g  the  I It:' 
as  w e  o r i g i n a l l y  d i d  i n  (31) ,  w e  now i n  t h e  product  vis, f l @  I+;, 

g r o p o s s  t h a t  a d d i t i o n a l  f a c t o r s  - t h e  new c l u s t e r  i q t e g r a l s  - 

simply b e  a t t ached  t o  t h i s  product  acco rd ing  t o  t h e  fo l lowing  

pres(-  : i p t i o n :  

0 
4 

8 ( 4 & )  

Employing (26)  t oge the r  w i th  the  f i n a l  equa t ion  of t h t s  set.:, we 

a r r i v e  a t  an ex t remely  s imple formula €or  t h e  e x p e c t a t i o n  v a l u e  
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Our g e n e r a l  s t a t emen t s  concern ing  c l u s t e r  t h e o r i e s  may be a p p l i e d  t o  

t h i s  new mode o f  decomposing Icac, 
i n t e g r a l  i n  (48)  i s  def ined  i n  terms of t h e  gene ra l i zed  no rma l i za t ion  

. S p e c i f i c a l l y ,  t h e  l a s t  c l u s t e r  

i n t e g r a l  i t s e l f .  But, of course ,  t h e  hope i s  t o  approximate <$> 

by te rmi .na t ing  t h e  s e r i e s  i n  (49)  a f t e r  t h e  f i r s t  few sums, and 

thus  avoid  having  t o  compute t h e  many-indexed y 's  . The r a p i d i t y  

wi th  which (49 )  converges depends u l t i m a t e l y  upon t h e  problem a t  

hand; b u t  t h a t  t h e  s e r i e s  does depend uni formly  on N i n  t h e  many- 

body l i m i t  w i l l  become c l e a r  i n  the fo l lowing  paper where t h e  

r e l a t i o n s h i p  between t h i s  c l u s t e r  expansion and t h a t  of  IY i s  

explored .  

I m p l i c i t  d e f i n i t i o n s  of t h e  q u o t i e n t s  appea r ing  i n  (49)  may be 

ob ta ined  immediately upon d i f f e r e n t i a t i n g  t h e  loga r i thm of each 

equa t ion  i n  t h e  s e t  (48)  w i t h  r e s p e c t  t o  d . Defin ing  
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The key t a  t h e  i n v e r s i o n  of t h i s  set  of equat ions  i s  the  r e a l i z a t i o n  

t h a t  che s u b s t i t u t i o n  f o r  t h e  )I, ,,uQc ~ i s  of t h e i r  d e f i n i t i o n s  i n  terms 

of t h e  basic  q u a n t i t i e s  a n d 3  

i:it? i d e n t i t i e s .  Hence we conclude t h a t  

must  t r ans fo rm these equa t ions  
N t 

h I * * q @ )  

*or  : , : , - ! I  the  i n s e r t i o n  o f  t h e s e  r e l a t i o n s  i n t o  

)v 

"tie c o e i f i c i e n t  of each vanishes ,  wh i l e  t h e  c o e f f i c i e n t  

ry 

a s  r e q u i r e d .  

c l u s t e r  i n t e g r a l s .  

may be s u c c i n t l y  s t a t e d  a s  fo l lows :  

Note t h a t  t h e  rdci, e n t e r  on ly  i n t o  t h e  one-indexed 

The r e su l t s  of t h i s  new " f a c t o r - c l u s t e r "  formalism 
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where 

The q u o t i e n t s  

and 

a r e  n o t  s u s c e p t i b l e  t o  f u r t h e r  r educ t ions  and must t h e r e f o r e  be 

eva lua ted  as t h e  b a s i c  i n g r e d i e n t s  of t h e  expansion.  

L e t  us  now cons ide r  a f a c t o r  decomposition a l t e r n a t i v e  t o  (42) .  
A/ 

Again &, 
i n t e g r a  1s yp r p w  
f 01 lowing manner : 

i s  " b u i l t  up" from (a,)" by a t t a c h i n g  c l u s t e r  

- aind t h u s  d e f i n i n g  y,, - i n  t h e  
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(54 j 

r o r n , ~ l a c  c x q l e t e i y  analcgous t o  ( 4 8 )  through (53) emerge. Indeed, 

L J ~  f l i a ~ i  that  

c l ic i ,  i n  par t icu l a r  , 

where we have def ined  

(57) 
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and 

The i n v e r s i o n  of (55) p a r a l l e l s  t h a t  of  (52). Here the  r e q u i r e d  

i d e n t i t y  i s  ensured by t a k i n g  

(59) 

Eq . (56 ) cons t i t  u t  es our newly -pr opo sed " invar  i a n t  ' I -  f a c t  or -c l u s t e r  

expansion,  w i th  success ive  terms g iven  by (59). The computation of 

t h e  9- m u s t  be c a r r i e d  out  i n  terms of t h e  b a s i c  i n g r e d i e n t s ,  t h e  

To keep t h e  terminology and t h e  va r ious  r e l a t i o n s h i p s  s t r a i g h t ,  

w e  l i s t  t h e  four  c l u s t e r  formalims j u s t  ana lyzed:  

1) t h e  convent iona l  one of I Y ,  a %on- invar ian t"  formalism i n  

which a sum-of-factors  decomposition law i s  p o s t u l a t e d  f o r  t h e  IY 

subnormal iza t ion  i n t e g r a l s ,  

2 )  t he  convent iona l  one of AHT, an  " i n v a r i a n t "  fmmalism i n  

which a sum-of- fac tors  decomposition law i s  p o s t u l a t e d  f o r  t h e  AHT 

subnormal iza t ion  i n t e g r a l s ,  

3 )  a new "non- inva r  i a n t  - f a c t o r  -c  l u s t e r  ' I  forma l i s m  (hence f o r t h  , 

i 
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t h e  FIY f x m a l i s m )  i n  which a product  decomposition law i s  p o s t u l a t e d  

f o r  t h e  IY subnormalizat ion i n t e g r a l s ,  and 

4 )  a new " i n v a r i a n t - f a c t o r - c h s t e r "  formalism (hencefor th ,  t h e  

FAHT formalism) i n  which a product  decomposition law i s  p o s t u l a t e d  

f.. .- - 1  
L t J L  t..iie AiiT subnormalizat ion i n t e g r a l s .  

There i s  one important  f e a t u r e  of g e n e r a l  c l u s t e r  expansion 

t l . ,eoi  ,t c l i ~ i t  we have  n o t  e x p l i c i t l y  poin ted  o u t :  t h e  a r b i t r a r i n e s s  

of t t i z  subnormal iza t ion  i n t e g r a l s  w i t h  -.<Me Since ,  i n  

any :o:ipletr c l u s t e r  expansion of I(&) 
j { E T V  

is i L . t l y  y e r d ,  t h e  ~ ~ i b n o r m a l i z a t i o n  i n t e g r a l s  wi th  Q <  N a r e  

i t i  '1, i t  +- L l  ; ~ s p o s a l .  The c h o i c e s  (29), (39)  are  only  two of 

an  i n f i n i t e  number of p o s s i b i l i t i e s .  One should t a k e  advantage of  

, t h e  net c o e f f i c i e n t  of 

i tr , ;r :~,a?i ,-scion i n t e g r a l  except  t h e  l a s t  one,f, ... Al= T<OC)=&,,, 

t h i s  d r b i t r a r i i l e s s  i n  t a i l o r i n g  t h e  c l u s t e r  formalism t o  t h e  problem 

r '  1, .rilved, An i l l u m i n a t i n g  example of how t h i s  may be done i s  

provided by  t h e  work of Feenberg and h i s  c o l l a b o r a t o r s  on l i q u i d  

H e  . 3 1 4 , 2 3  

3. An A p p l i c a t i o n  of t h e  New " I n v a r i a n t - C l u s t e r ' '  

Formalism 

We s h a l l  now apply  t h e  " i n v a r i a n t - f a c t o r - c l u s t e r "  o r  FAHT 

formalism developed i n  t h e  preceding  s e c t i o n  t o  t h e  e v a l u a t i o n  o f  

the h - p a r t i c l e  s p a t i a l  d i s t r i b u t i o n  f u n c t i o n  ( 2 3 ) .  The r e s o l u t i o n  

o f  t h e  corresponding operato1 given i n  (24 )  l e a d s  t o  t h e  fo l lowing  

sxpress ions  for t h e  b a s i c  i n v a r i a n t s  of  t h e  expans ion:  
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Thus, i n  accordance wi th  formulas (56) - (59) t h e  expansion f o r  

t a k e s  t h e  form 

w i t h  

(62) 
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(62 c o n t ' d )  

Iri a L i - i v i n g  a t  the  l a s t  l i n e  o f  ( 6 2 )  w e  have in te rchanged  the  

i n t e g r d t i o n s  arid summations which occur i n  b o t h  the  nuinerator and 

k 5 1 f  , L i l d t G I '  o f  t h e  s and have def ined  

Some i n t u i t i v e l y  s a t i s f y i n g  f e a t u r e s  o f  t h i s  new c l u s t e r  

expansion deserve s p e c i a l  s tudy .  F i r s t  o f  a l l ,  s i n c e  

i t  f u l  lows t h a t  
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Thus t h e  i n t e g r a l  of t h e  f i r s t  non-vanishing term i n  t h e  c l u s t e r  

expans ion  (61) p rov ides  t h e  complete no rma l i za t ion ,  N!/f'(~-)p] of 

t w 
f [zta.ez-) 

f r o m  h ighe r  o r d e r s .  Moreover, t o  t h e  e x t e n t  t h a t  t h e  r a t i o  

There a r e  no c o n t r i b u t i o n s  t o  t h e  no rma l i za t ion  

i s  independent of )e , t h e  q u a n t i t i e s  

van i sh .  For i f  w e  assume t h i s  r a t i o  i s  independent of h and 

denote  i t  by &r,,.-l 1 , w e  ob ta in  d i r e c t l y  from (62)  t h a t  
.1 

rrh 

F i n a l l y ,  employing two r e l a t i o n s  from combina to r i a l  a n a l y s i s .  we 

a r e  a b l e  t o  perform p a r t i a l  summations o f  t h e  addends i n  (61; 
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( W I  
p 1 i n  terms of t h e  

We need only  r e c a l l  t h a t  

r e s u l t i n g  i n  a cogent  e x p r e s s i o n  for  p cg; a,.,n 

fupdamenta 1 “invar  iants‘ l ,  t h e  $,, ‘ s  

a n d  



This  "invar i a n t  - f a c t  or -c Ius  t e r  " expansion of th e R - p a r  t i c  l e  

s p a t i a l  d i s t r i b u t i o n  func t ion ,  un l ike  t h e  cor responding  AHT expansion 

gen.erated v i a  (461, (47), i s  a p p l i c a b l e  t o  f i n i t e  a s  w e l l  a s  t o  

' n f i n i t e  many-fermion systems. A r e a d i n g  of t h e  fo l lowing  paper i n  

t h i s  s e r i e s  w i l l  l eave  no doubt t h a t ,  o rde r  by o r d e r ,  t h e  terms by 

which t h e  two expans ions  d i f f e r  become n e g l i g i b l e  i n  the  l i m i t  

N a Oe Hence, i n  t r e a t i n g  i n f i n i t e l y  extended fermion systems, 

t h e  " i n v a r i a n t - f a c t o r - c l u s t e r "  and t h e  AHT formalisms y i e l d  t h e  same 

s p a t i a l  d i s t r i b u t i o n  f u n c t i o n s  order by o rde r .  However, t h i s  

s t a t emen t  cannot  be made about the  s p a t i a l  i n t e g r a l  ~ , o o -  e(k  

of the  two expans ions ;  t h e  AHT expansion does n o t  posses s  t h e  

+h 

des i ;ab le  f e a t u r e  t h a t  on ly  i t s  f i r s t  non-vanishing term 

C h b  

c o n t r i b u t e s  

t o  t h e  n o r m a l i z a t i o n  of y (p**JJ 0 

It  might be noted t h a t  r e l a t i o n s  analogous t o  (64 )  - (69) s e r v e  

t o  establish comple te ly  analogous f e a t u r e s  of t h e  FIY expansion f o r  

t h e  h - p a r t i c l e  s p a t i a l  d i s t r i b u t i o n  f u n c t i o n .  

ffn, V I does no t  e x p l i c i t l y ,  t h a t  t h e  u s u a l  I Y  expansion f o r  

p c s s e s s  t h e  ve ry  impor tan t  f e a t u r e  of t h e  FIY 

And we might a l s o  no te ,  

(,r,--* A- 

expansion t h a t  t h e  

on ly  c o n t r i b u t i o n  t o  t h e  no rma l i za t ion  comes from the  f i r s t  non- 

van i sh ing  t e r m  of t h e  expansion. 

The AHT expans ion  f o r  t h e  t w o - p a r t i c l e  s p a t i a l  d i s t r i b u t i o n  

f u n c t i o n  has been s t u d i e d  i n  d e t a i l  by Aviles"  and by Hartogh and 

Tolhoek?' A numer ica l  comparison of AHT and I Y  expansions f o r  

was c a r r i e d  o u t  by Woo i n  t h e  framework of t h e  

3 14 
l i q u i d  H e  problem, 
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the 
We conclude t h i s  s e c t i o n  w i t h  a s tudy  o f  D ~i, .  .. 

k 
s p e c i a l  case  t h a t  i s  g iven  by (12)  - (14). S ince  the  

c o r r e l a t i o n  f u n c t i o n  i n  t h e  cor responding  

( c f  ( 2 7 d ) )  i s  independent of o r b i t a l  l a b e l s ,  t h e  s t r u c t u r e  O f  

- p a r t i c l e  wave func t rons  

r-, 
UI-+.*~, 1 f , i z p ? ; f i e s  t o  K n 

f-xp11 c i t  l y .  t he  i n d e p e n d e n t - p a r t i c l e - f a c t o r  may be w r i t t e n  

where 

Noting t h a t  

E q .  (70 )  becomes 



4 3  

t h e  elements  of t h e  ma t r ix  

be ing  j u s t  

To c a r r y  t h e  a n a l y s i s  f u r t h e r  we must addres s  o u r s e l v e s  t o  t h e  c r u c i a l  

e v a l u a t i o n  of t h e  sum of de te rminants  < ~ ~ , ) . . . ~ ~ h , )  d Q Q Q y * * t ~ ~ ~ .  
Each element of Qft ,b . . .p (h)  i s  t h e  sum of t h e  same k 

funcc ions ;  

t o  another  and thus  s e r v e  a s  t h e  row-column i n d i c e s .  Success ive  

a p p l i c a t i o n  o f  a well-known theorem governing t h e  expansion of t h e  

de te rminant  of a m a t r i x  i n  which each row of t h e  j t h c o l u m n  i s  t h e  

sum of  two terms a l lows  us  t o  ezp res s  ' e + Q ~ i . ~ ~ ~  a s  the  sum of hk 
de te rminan t s  : 

t he  arguments of t hese  func t ions  v a r y  from one element 

(77 )  
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Notice,  however, t h a t  any t e r m  w i t h  IC;, z d l 4 1  , i f -% 
f o r  t h e  determinant  compris ing t h a t  addend has  two columns p r o p o r t i o n a l .  

, i s  ze ro ,  

This  observa t ion  may be r e p e a t e d  as w e  t a k e  i n t o  account  t h e  sum over 

wirh t h e  r e s u l t  that  

It now behooves u s  t o  r e v e r s e  t h e  procedure by which each detq,,,j-l&) 
was w r i t t e n  a s  t h e  sum of k 
r i g h t  nand s i d e  of (78)  a s  a s i n g l e  de te rminant .  I n  t h i s  way w e  

)t 
determinants  and t h u s  express  t h e  

a r r i v e  a t  
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and thus ,  r e t u r n i n g  t o  (74), conclude t h a t  

where 

and 

T h u s  t h e  sum of products  of  de te rminants  (70)  h a s  been reduced t o  

a s i n g l e  de te rminant  der ived  from a m a t r i x  whose elements ,  def ined  

by (82) ,  a r e  e a s i l y  

t r a n s  format ion  (38) 

4. Comp 

shown t o  be  i n v a r i a n t  under t h e  u n i t a r y  

r i s o n  of t he  Four C l u s t e r  Formalisms 

The f a c t o r - c l u s t e r  formalisms - b e s i d e s  be ing  d i r e c t l y  u s e f u l  

f o r  p r a c t i c a l  computation - provide a c r u t c h  f o r  t h e  e x t e n s i o n  o f  t h e  

I Y  and AHT formalisms t o  f i n i t e  systems. I n  prev ious  d e r i v a t i o n s ,  

terms down from t h e  leading  terms i n  
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n o t  been t racked down. 

(we o u t l i n e  t h e  procedure f o r  t h e  IY case) :  The f i n a l  e q u a t i o n s  

i n  ( 3 3 )  and ( 4 8 )  a l o n g  wi th  ( 3 4 )  and (36 )  imply t h a t  w e  must have, 

f o r  a l l  N , 

These terms may now be generated as  fo l lows  

(83) 

Upon expanding t h e  logari thms t h e r e  r e s u l t s  f o r  Ggv a n  expansion 

i n  th.! LY normalized c l u s t e r  i n t e g r a l s  which i s  v a l i d  f o r  a l l  

Lndeed, i n  t h i s  t h e  I Y  c a s e  a l inked  c l u s t e r  theorem may be proven:  

i s  t h e  sum of a l l  d i s t i n c t  x , , , ' s  and, w i t h  a p p r o p r i a t e  

c o e f f i c i e n t s ,  a11 p o s s i b l e  l inked  p r o d u c t s  of t h e s e  c l u s t e r  i n t e g r a l s .  

Corresponding t o  ( 8 3 )  w e  have, i n  t h e  AHT c a s e ,  

and every th ing  goes through i n  p r e c i s e l y  t h e  same way except  t h a t  

t h e r e  i s  no q u e s t i o n  of a l inked  c l u s t e r  theorem h e r e  s i n c e  l inked  

product  i s  undefined i n  t h i s  formalism. It w i l l  be our t a s k  i:l t h e  
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fo l lowing  paper t o  c a r r y  ou t  t h e  program sketched i n  t h i s  paragraph;  

i n  p a r t i c u l a r  we s h a l l  prove the l inked  c l u s t e r  theorem f o r  t he  IY 

expansion and c o n t r i v e  a r u l e  f o r  de te rmining  t h e  aforementioned 

a p p r o p r i a t e  c o e f f i c i e n t s .  

So,  f i n a l l y ,  one has  four  c l u s t e r  expansions fo r  ($7 a l l  v a l i d  

f o r  f i n i t e  a s  w e l l  a s  i n  t h e  many-body l i m i t .  The " i n v a r i a n t "  

expans ians  (AHT and FAHT) c l e a r l y  d i f f e r  from t h e  "non-invariant"  

expansions (IY and FIY) order  by o rde r  a s  w e l l  a s  t e r m  by term. I Y  

and FIY expansions,  and on t h e  other  hand AHT and FAHT expansions,  

co inc ide  order  by o rde r  bu t  no t ,  of course ,  term by term. 

The ques t ion  n a t u r a l l y  a r i s e s ;  Which i s  t h e  b e s t  of t h e s e  four 

iormczlisnis t o  use  i n  a g iven  c a l c u l a t i o n ?  Assuredly,  t h e  answer t o  

t h i s  q u e s t i o n  w i l l  depend on t h e  d e t a i l s  of t h e  problem a t  hand. 

Never the less ,  some ve ry  g e n e r a l  obse rva t ions  can  be made, based on 

t h e  f a c t  t h a t  t h e  

t h e  FIY (FAHT) expansion by employing the  procedure j u s t  desc r ibed .  

I Y  (AHT) expansion f o r < S >  may be der ived  from 

A s  a r e s u l t  of t h e  loga r i thmic  expansions,  t h e r e  a r e ,  " in  genera l"  

( i . e . ,  chere  e x i s t  s p e c i a l  except ions  a s  w e  s h a l l  s e e  i n  a moment), 

an  i n f i n i t e  number of non-negl ig ib le  terms i n  each order  of t he  I Y  

and AHT expansions,  even f o r  f i n i t e  hl . On t h e  o the r  hand, t he  

f a c t o r i z e d  expansions a r e  c h a r a c t e r i z e d  by a f i n i t e  number of terms 

i n  each  o rde r ,  t h e r e f o r e  a f i n i t e  number of terms f o r  f i n i t e  )tJ , 

( I n  fact  t h e r e  i s  j u s t  one term of each o rde r  i n  t h e  FIY case  a s  

w e l l  a s  i n  t h e  FAKC c a s e  i f  we obey our convent ion  and r ega rd  each 

summand of x,, :, a s  a s i n g l e  t e r m . )  S u r e l y  t h e  only  e f f e c t  af  t h e  
E( 
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e x t r a  expansions involved i n  t h e  t r a n s i t i o n  FIY .+IY or  F A X  

i s  t o  !essen the  r a t e  of convergence of  I y  r e l a t ive  t o  FIY, AHT 

r e l a t i v e  t o  FAHT.  C l e a r l y  t h e  order  by o rde r  i d e n t i t y  of LY and 

-?,lflT 

Q ' " Y  !kHT and FAdT) expansions i s  of  no p r a c t i c a l  s i g n i f i c a n c e  i f  a 

-:vel. u r d e r  1 I L , I C  1.i (AHT) expansion c o n t a i n s  an  i n f i n i t e  numher 

T . 9 .  f i :  -I_-- Lte systems w e  may remove t h e  q u : . l i i i c a t i o n  " in  gene ra l "  

L , l  tilr b r ~ L t . l i n g  p a r a g r d p h .  We expec t  a p re fe rence  of FIY over I Y ,  

EAli'! C) e~ - t i ! .  f3ut t h e r e  i s  a s  y e t  no numerical  evidence f avor ing  

5 . t ! ~ % ~ . 2 ; . -  over any of t h e  o t h e r s ,  even i n  a s i n g l e  p a r t i c u l a r  

 as^, S I L : L ~  t h e r e  has only  been one c lus te r -method c a l c u l a t i o n  on a 

: l i  1' , v ~ r t = i ~ l ,  t r * l t  .~;:t: u s i n g  t h e  IY procedure i n  t h e  approximate 

eva~1idi-1411 a i  <d) t o r  t h e  0 nuc leus  assuming a Ja s t row t r i a l  16 

25,26 
wdv t: func t ion, 

L e t  ! I >  llow cons ide r  extended systems w i t h  s h o r t  range  f o r c e s .  

, FJ f i n i t e  b u t  suppose i t  t o  be  l a r g e  enough t h a t  

c o n t r i b u t i o n s  O(Mo)  may be d i sca rded  compared w i t h  c o n t r i b u t i o n s  

6 N )  . Then only  a f i n i t e  number of terms s u r v i v e  i n  a g iven  

o rde r  of the AHT expansion.  Consequently t h e  order  by order  

i d e n t i t y  of AHT and FAHT does,  i n  t h i s  ca se ,  have p r a c t i c a l  

s i g n i f i c a n c e .  On t h e  o t h e r  hand t h e  IY expans ion  does no t  

n e c e s s a r i l y  so  c o l l a p s e .  Let  t h e r e  ex i s t  f o r  t h e  obse rvab le  s i n  

q u e s t i o n  an  i r r e d u c i b l e  r e s o l u t i o n  (18) - (19)  such t h a t ,  f o r  some 

%9sl,, ,.ct,' i s  n p g l i g i b l e  f o r  a l l  c o n f i g u r a t i o n s  excep t  t hose  i n  
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o(b)fi , and i s  not  i d e n t i c a l l y  zero .  

requi rement ;  t h e  ope ra to r  Prs ,*.* 3q: 
y i e l d s  the  x - p a r t i c l e  s p a t i a l  d i s t r i b u t i o n  f u n c t i o n  does no t .  ) I f  

(The Hamiltonian t-J f i t s  t h i s  
m 1  

) whose e x p e c t a t i o n  va lue  

non- loca l ized  o r b i t a l s  (with plane-wave s p a t i a l  f a c t o r s )  a r e  used, 

t hen  a l l  except  a f i n i t e  number of  terms disappear  from each order  of 

t h e  IY expansion. B u t  i f  l o c a l i z e d  o r b i t a l s  a r e  u s e d ,  t h e r e  i s  no 

such s i m p l i f i c a t i o n  and t h e r e  a r e  s t i l l  an i n f i n i t e  number of terms 

i n  each o r d e r ,  Proof of t h e s e  s t a t emen t s  rests upon t h e  d e t a i l e d  

r e s u l t s  of the next  pape r ;  however, t h e i r  p l a u s i b i l i t y  may be enhanced 

a t  this pcrinc by a c o n s i d e r a t i o n  of t h e  fo l lowing  two terms - t y p i c a l  

adderids o f  t h e  i n f i n i t e  sequences i n  q u e s t i o n  - c o n t r i b u t i n g  r e s p e c t i v e l y  

Thus i n  p r a c t i c a l  %-body c l u s t e r  c a l c u l a t i o n s  of ( H >  f o r  

extended systems wi th  s h o r t  range f o r c e s  i t  makes no d i f f e r e n c e  whether 

w e  u se  t h e  AHT or t he  FAHT expansion. For quantum l i q u i d s  t h e r e  

w i l l  be no d i f f e r e n c e  i n  p r a c t i c a l  IY and FIY c a l c u l a t i o n s  of t h i s  

n a t u r e .  For quantum s o l i d s  t h e r e  w i l l  be :  indeed t h e  numerical  work 

of Nosanow and h i s   collaborator^^^ has r evea led  t h e  expected s u p e r i o r i t y  

of t he  FIY formalism over t h e  IY formalism i n  a v a r i a t i o n i l  
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c a l c u l a t i o n  of t h e  cohes ive  energy of  s o l i d  H e 3  through three-body 

c l u s t e r s  assuming a J a s t r o w  t r i a l  wave f u n c t i o n .  

There e x i s t s  one l a s t  p i e c e  o f  in format ion  b e a r i n g  on t h e  

ccmparison of t h e  four  formalisms i n  p r a c t i c a l  a p p l i c a t i o n .  Through 

t h i r d  o rde r ,  TY and AHT r e s u l t s  f o r  t h e  t w o - p a r t i c l e  s p a t i a l  

d i s t r i b u t i o n  f u n c t i o n  i n  l i q u i d  He3  assuming a Bose c o r r e l a t i o n  

f a c t o r  d r e  h a r d l y  d i s t i n g u i s h a b l e .  14,23 
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APPENDIX 

I A 

The approximate e v a l u a t i o n  of e x p e c t a t i o n  v a l u e s  v i a  the  c l u s t e r  

expansion techniques  of t h i s  paper may be  c a r r i e d  through wi th  any 

wa’ve f u n c t i c n  once a method of d e f i n i n g  t h e  n - p a r t i c l e  wave f u n c t i o n s  

has  been proposed. Among the  p o s s i b i l i t i e s  cons idered  i n  Sec t ion  1 

i s  the  e x a c t  N - p a r t i c l e  wave func t ion  

o r  S inanoglu :  

Tm , w r i t t e n  i n  t h e  manner 
U 

& 

This  appendix i s  devoted t o  an examinat ion of S inanog lu ‘ s  expres s ion  

f o r  ym w i t h  t h e  i n t e n t i o n  of i l l u m i n a t i n g  i t s  s t r u c t u r e  and t h a t  

of t h e  cor responding  h - p a r t i c l e  wave f u n c t i o n s .  

u 

r- 

We n o t e  t h a t  i n  t h e  language of  a c o n f i g u r a t i o n  i n t e r a c t i o n  ( C I )  

t r ea tmen t  

where i n  p r a c t i c e  the  c o e f f i c i e n t s  mus t  be determined by a p e r t u r b a t i v e  

or v a r i a t i o n a i  procedure bur  a r e  fo rma l ly  g iven  by 
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I n  ( A 2 )  the s u m  i s  over a l l  combinat ions of o r b i t a l s  excluded 

from t h e  s e t  {TI  .., ')11N3 . The e x p r e s s i o n  f o r  t h e  c o r r e l a t i o n  

f u n c t i o n  ijB may be recast  i n t o  a compact, b u t  r e v e a l i n g ,  

~ o r m .  Upon i n s e r t i n g  ( A 3 )  i n t o  ( A 2 )  and i n t e r c h a n g i n g  t h e  sums and 

1n"grarions which occur w e  f i n d  t h a t  

9- 

ya.; * "1j4p 

The in tegrand  may be s i m p l i f i e d  accord ing  t o  t h e  fo l lowing  scheme: 

t h e  product  of  %- For ;, given set  of o r b i t a l  l a b e l s  H ,  I.. 

t w c  determinants  found i n  ( A 4 )  can be  w r i t t e n  a s  a s i n g l e  determinant3 



Moreover, by  a procedure l i k e  t h a t  which leads from ( 1 3 )  t c  (791 ,  

t h e  sum of such de terminants  may be reduced t o  a s i n g i e  determindct  

so  t h a t  
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(a 7 j 

Upon s u b s t i t u t i n g  t h i s  e x p r e s s i o n  i n t o  ( A 6 )  we discover  thg:, i n  
* 

a d d i t i o n  t o  g[$:>c) '3  on ly  t h e  terms invo lv ing  Y w y b J  9kJx with 

g ive  r i s e  t o  non-vanishing co rL t r iba t i cns  B e +** j t t ) j  

when t h e  r e s u l t i n g  de te rminant  i s  expanded. Thiis, we d e f i n e  

S 
!and a r r i v e  a t  t h e  r e s u l t  

r 

e 0 



5 5 

The second express ion ,  i n  which the determinant  h a s  been r e p l a c e d  by 

a s imple product ,  i s  obta ined  by recogniz ing  t h a t  tflC%l--cx,) must be 

ant isymmetr ic  under t h e  in te rchange  of any two p a r t i c l e  l a b e l s .  

- 
? I  

!? 

Although w e  have assumed ~!&(ZL~=..S:) t o  be  t h e  e x a c t  N p a r t i c l e  

wave func t ion ,  t h e  abave d e r i v a t i o n  of (A9)  may be  bypassed and t h i s  

5 
' formula viewed a s  a s t a r t i n g  p o i n t  f o r  the a n a l y s i s  of t r i a l  wave f u n c t i o n s .  

s 
N 

Thus given a t r i a l  wave f u n c t i o n  y3(x,'... x;) 
t u n  out  t o  b e  t h e  sought - for  e igenfunct ion)  t h e  cor responding  c o r r e l a t i o n  

(which may o r  may n o t  

* 
f u n c t i o n s  u" from which t o  c o n s t r u c t  t h e  I '  R - p a r t i c l e  wave 

Vjjct) ** 'm $9 
f t inct ions"  may be  found v i a  (A9). I f ,  as i n  accordance w i t h  (27b), we 

d e f i n e  

n a t u r a  1 express  i o n  

p= I 
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We have developed an  e x p l i c i t  means of c o n s t r u c t i n g  t h e  
# 

y \ - p a r t i c l e  wave f u n c t i o n  from a g iven  form f o r  ymtpi.-x,,~. C e r t a i n l y  

our p r e s c r i p t i o n  i s  no t  unique. Indeed, s i n c e  comple te ly  summing any 
Iu 

c l u s t e r  expansion f o r  (S> 

Lht 14-body wave t u n c t i o n  ~ m ~ % , ~ e . S ~ )  

l eaves  a f i n a l  expres s ion  invo lv ing  only  

, w e  must admit t h a t  from a 
rc. 

1 1  
f 31: ma I s t and p o I n t  qWd,;. (I yj (H, ( w i t h h  < E( ) may be def ined  q u i t e  

a r b i t r a r i l y .  Never the less ,  w e  a n t i c i p a t e  t h a t  t h e  method o u t l i n e d  

he re ,  rcstilKir,g i n  t h e  i n t u i t i v e l y  n a t u r a l  form f o r  ...?(,,, as 
-$I, 

evidenced i r i  ( h b l j ) ,  w i l l  prove most advantageous.  Moreover, when t h e  

problem a t  hand a l lows  the  p a r t i c l e s  t o  be d iv ided  i n t o  subgroups such 

t h a t  t h e  members of one subgroup are  on ly  weakly c o r r e l a t e d  w i t h  those  

3f a iwthe r ,  vt*,*.. IC%) 
p r o t d b i l i t y  ampli tude28 f o r  such a subgroup of  h 

as de f ined  by (A10) approximates  t h e  
*net", * WI 4 trr) 

p a r t i c l e s ,  t h e s e  

p a r t i c l e s  occupying o r b i t a l s  i n  t h e  independent-  

p a r t i c l e  p i c t u r e .  F i n a l l y ,  w e  observe t h a t  the  n - p a r t i c l e  wave func t ions  

.'. Ir1lic.d i n  ( 2 7 c )  and (27d) a re  no t  e q u i v a l e n t  t o  t h e  f u n c t i o n  (A10) 

bu t  involve  t h e  f u r t h e r  s t e p  of r e p l a c i n g  some of t h e  c o r r e l a t i o n  

func t ions  w i t h i n  t h e  in t eg rand  of ( A 1 0 )  by u n i t y .  
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